Abstract A wakefield driven by a short intense laser pulse in a perpendicularly magnetized underdense plasma is studied analytically and numerically for both weakly relativistic and highly relativistic situations. Owing to the DC magnetic field, a transverse component of the electric fields associated with the wakefield appears, while the longitudinal wave is not greatly affected by the magnetic field up to 22 Tesla. Moreover, the scaling law of the transverse field versus the longitudinal field is derived. One-dimensional particle-in-cell simulation results confirm the analytical results. Wakefield transmission through the plasma-vacuum boundary, where electromagnetic emission into vacuum occurs, is also investigated numerically. These results are useful for the generation of terahertz radiation and the diagnosis of laser wakefields.
Introduction
A wakefield is an electrostatic wave driven by a laser pulse or a charged particle cluster in plasmas [1, 2] . There have been a number of studies on the excitation of the large-amplitude wakefield because of its extensive application prospects, such as in high-gradient electron acceleration [3∼5] , proton acceleration [6∼8] and X-ray radiation [9, 10] .
Recently, with increasing attention paid to terahertz (THz) sources for their bright application prospects [11] , investigations on THz emission from laser wakefields have been reported for magnetized and unmagnetized underdense plasmas [12∼18] . It is well known that wakefields have frequencies of ω = ω p in the terahertz range, where ω p = (4πn 0 e 2 /m e ) 1/2 is the plasma frequency determined by the plasma density n 0 . Therefore, a laser wakefield could potentially serve as a powerful compact THz radiation source. For the unmagnetized case, however, the wakefield is a pure longitudinal wave in which the net current vanishes since the real current and the displacement current cancel each other out. This makes it difficult to convert wakefields into electromagnetic emission directly. By introducing an inhomogeneous plasma, it has been shown that wakefields can be partially converted into electromagnetic emission via linear mode conversion [14] . Alternatively, the external magnetic field makes wakefields partially electromagnetic due to the transverse motion of electrons under the Lorenz force, and induces a transverse current, making a wakefield-THz emitter possible. Previous studies have already proved the key role that the magnetic field plays in electromagnetic radiation [15∼18] . Ref. [15] investigated the radiation using the dispersion relation of the extraordinary wave, however, that work is limited to the weakly relativistic interaction. Here we provide a theoretical model for a wakefield excited in perpendicularly magnetized plasmas for both weakly and highly relativistic cases, which is well confirmed by further numerical simulations. In addition, wakefield transmission through the plasma-vacuum boundary is also investigated, where electromagnetic emission into vacuum occurs. These results can be useful for further studies on plasma-based THz radiation and the diagnosis of wakefields. This paper proceeds as follows. In section 2 the equations for the magnetized wakefield are derived, where both weakly and highly relativistic cases are discussed. The analytical results are compared with the one-dimensional (1D) particle-in-cell (PIC) simulation results in section 3. To investigate the radiation through the plasma-vacuum boundary, the effect of plasma density gradients at the boundary is discussed. Finally, the main results are summarized and discussed in section 4.
Analytical model
Let us consider the wakefield excitation when a laser pulse propagates perpendicularly into a plasma in the x direction, with the external magnetic field B 0 in the z direction. The polarization of the laser pulse is parallel to B 0 , so that the laser field is not affected by B 0 and can be distinguished from the transverse component of the wakefield. The duration of the laser pulse is short enough so that the response of ions can be ignored. The 1D laser-plasma interaction can be described by the potential Poisson's equation, continuity equation and momentum equation for a cold electron fluid as follows:
1 c ∂n ∂t
where c is the velocity of light, the vector potentials a L and a y , normalized by m e c 2 /e, are associated with the electric fields of the laser pulse and the transverse wakefield, respectively, the scalar potential φ is normalized by m e c 2 /e, the perturbation of the electron density n by the initial density n 0 , and the longitudinal velocity β x and transverse velocity β y are normalized by c. Also in these equations, k c = ω c /c = eB 0 /m e c 2 stands for the external magnetic field, k p = ω p /c and the relativistic factor
1/2 . It is evident that the external magnetic field B 0 couples the electron longitudinal motion with the transverse motion, leading to a new transverse component of the laser wakefield. The longitudinal component E x and transverse component E y are described by φ and a y , respectively.
The weakly relativistic regime
For a short laser pulse with a L << 1, the plasma quantities remain weakly nonlinear. In this limitation, Eq. (3) can be simplified as
It must be emphasized that there is ω c << ω p under normal laboratory conditions (for example, ω c /ω p ∼ 10 −2 for B 0 =10 T in atmospheric pressure), hence the wakefield frequency does not show an obvious shift. According to the dispersion tensor for the extraordinary wave [19] , the wakefield obeys
at the frequency ω = ω p . Eq. (7) can be written in terms of the vector and scalar potential
Noting that in this regime |φ| << 1, we can achieve |∂a y /∂ x | << k c . Therefore, ∂a y /∂x can be ignored in Eqs. (4) and (5). With the linear and non-relativistic approximations, these two equations can be simplified as:
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Substituting Eq. (9) into Eqs. (1) and (10), we get
This proves convenient when performing an algebraic transformation to a frame moving together with the laser pulse (
1/2 is the group velocity of the laser pulse with a frequency of ω 0 . Furthermore, the quasi-static approximation is applied, in which the ∂/∂τ derivatives are neglected [1, 2] since the laser pulse evolution takes much longer than a plasma oscillation period 1/ω p . Under the transformation and approximation, combining Eqs. (2), (6), (11) and (12), we obtain the equations for a y and φ as follows
where ξ is normalized by k
It can be seen that once b = 0, φ returns to the form of the unmagnetized case [1] . Noting that b << 1 under normal laboratory conditions as mentioned above, we take an expansion of ∂φ/∂ξ in the power of b:
Applying this expansion to Eq. (13), we find that the first order of Eq. (13) corresponds to the well known wakefield in unmagnetized plasma [1] :
The solution of Eq. (16) has the form
where the value of C 0 is determined by the term of the pondermotive force ∂(a 2 L /2)∂ξ. According to Eq. (13), the second order has the form:
Then Eq. (18) could be greatly simplified as
Submitting Eq. (17) into Eq. (19), we obtain an expression for φ 2 in the form of
In accordance with Eq. (20) , one can find that the second term of Eq. (15) has a constant coefficient
is only 10 −6 , even for B 0 = 10 T, thus the second term can be neglected. This means that the longitudinal wave is not obviously affected by the external magnetic field and can still be described by Eq. (16) .
Substituting Eq. (16) into Eq. (14), we obtain the form of a y
Then the transverse field is given by
where e x = −∂φ/∂ξ and e y = β g ∂a y /∂ξ are, respectively, the longitudinal and transverse wakefields normalized by m e ω p c/e. It must be emphasized that, unlike the unmagnetized case, the electromagnetic field e y has a nonzero group velocity though its oscillation frequency is equal to the electron plasma frequency. Owing to the external magnetic field, the electromagnetic and electrostatic fields are coupled into one mode-the extraordinary mode, following the same dispersion relation:
In accordance with Eq. (22), the ratio of the transverse and longitudinal field magnitudes ε y /ε x is dependent only on the magnetic field parameter b,
which is identical to the result of Ref. [15] .
The highly relativistic regime
For a L >> 1, the nonlinear and relativistic effects become important. Although the approximations above are not valid anymore, we can still get an approximate solution in the limit of underdense plasmas. Using Eqs.
(1)∼(5) with the algebraic transformation to the frame (ξ, τ ), as well as
1/2 , we have, after some manipulations,
Note that in the underdense plasmas, β g ≈ 1, which means β y ≈ 0 according to Eq. (24). With these approximations, Eq. (27) can be reduced to Eq. (21), which indicates that the transverse field still has the same relationship with the longitudinal field as in the weakly relativistic regime. Eq. (28) can be written as
Combining Eq. (29) with Eqs. (25) and (26), together with the expression of γ, we have
which is identical to the equation for the unmagnetized relativistic wakefield [2] . Therefore, we can conclude that in the limit of underdense plasmas, the external magnetic field still has little effect on the longitudinal field. Eqs. (30) and (21) describe the longitudinal and transverse field, respectively. However, Eq. (23) is no longer valid in this regime. Combining Eq. (21) with Eq. (30), we obtain the expression of e y in the wake region
Since the transverse field no longer has axial symmetry according to Eq. (31), we define its magnitude as ε y = (e ymax − e ymin )/2, where e ymax and e ymin is the maximum and minimum value of e y . An analysis of Eq. (30) indicates that the electrostatic potential oscillates between φ min < φ < φ max [20] , where the values of φ min and φ max , donated by φ m , are given in terms of ε x ,
where the ± give φ max and φ min , respectively. Eq. (32) can be inserted into Eq. (31) to obtain the values of e ymin and e ymax . Finally, the ratio of the transverse and longitudinal magnitude is given by 3 Results from simulations
Comparison between the analytical results and simulations
In order to test the model outlined above, we made a series of 1D PIC simulations. The laser pulse propagates in the x direction, with an external magnetic field applied in the z direction. The plasma density is n 0 = 10 −4 n c , corresponding to the plasma wavelength λ p = 100λ 0 , where n c = 1.1 × 10 21 (µm/λ 0 ) 2 cm −3 is the critical density for a laser pulse with wavelength λ 0 . For λ 0 = 1 µm, we have n 0 = 1.1 × 10 17 cm −3 , corresponding to plasma frequency f = ω p /2π = 2.98 THz. The pulse has a Gaussian envelope with a duration of τ =5T 0 , where T 0 is the laser cycle. Fig. 1 plots the longitudinal and transverse fields, which shows a good agreement between the 1D simulations and the analytical results in both weakly and highly relativistic regimes. Here one also finds that the peak of the transverse field gets sharper with the increase in the intensity of a L , as shown in Fig. 2 , which can well be explained by Eq. (22). As the laser intensity increases, the nonlinear effect makes the longitudinal field steep [2] , resulting in a sharp increase in its derivative function, which determines the amplitude of the transverse wakefield. As a result, the transverse field develops a "sharp tooth" structure.
In Fig. 3 , the amplitude of the normalized transverse wakefield ε y is shown as a function of the external magnetic field strength b at fixed laser intensities a L =0.5 and a L =2.0. The corresponding values of longitudinal field amplitude ε x obtained from simulations are 0.023 and 0.33, respectively. As predicted by Eq. (24), there is a linear relationship between ε y and b in both cases. In Fig. 3(a) , the value of the slope is 1.01ε x , close to the result predicted by Eq. (23), while this value rises to 1.06ε x in Fig. 3(b) , which is consistent with the analytical result from Eq. (33). This indicates that the proportion of the transverse field in the wake is determined not only by the magnetic field B 0 , but also by the laser intensity. A higher intensity is beneficial for energy transformation towards the transverse field. To Fig.1 The wakefield excited in the magnetized plasmas obtained from 1D simulations (dashed curves) and theoretical calculations (solid curves) for (a) aL=0.5 and (b) aL=2.0. The black and blue curves describe the longitudinal and transverse fields, respectively. The plasma density is n0=10 −4 nc and the external magnetic field is B0=22 T, corresponding to a normalized factor b = ωc/ωp=0.2 (color online) Fig.2 The transverse field for aL=0.5 (solid curve), aL=2.0 (dashed curve) and aL=3.0 (dotted curve) from 1D PIC simulation for a fixed magnetic field parameter b=0.2 support and illustrate this statement, we give an example in Fig. 4 , in which the transverse amplitude ε y is plotted as a function of ε x , with fixed external magnetic field strength B 0 = 22 T. The simulation result (dots) shows a good agreement with the analytical result (solid curve) from Eq. (33). In addition, the linear result (dotted line) obtained from Eq. (23) applies only in the low intensity region. With the increase in laser intensity, the transverse field will get a higher proportion in the wakefield. 
Wakefield transmission through the boundary
In order to investigate the transmission of the wakefield through the plasma-vacuum boundary in the forward direction, we give some examples via 1D PIC simulation, as shown in Fig. 5 , where both weakly relativistic cases (left column) and highly relativistic cases (right column) are plotted at t=15T 0 , with a L =0.5 and a L =2.0, respectively. The value of the magnetic field parameter b is 0.2, corresponding to B 0 =22 T. In case (a) there is an abrupt boundary at x = 450λ 0 , while in cases (b) and (c) the density declines linearly from n 0 at x = 450λ 0 to zero over λ p and 2λ p , respectively. Other conditions are the same as above. In each case, the longitudinal field E x vanishes in the vacuum since the perturbation of the plasma density is the source of Fig.5 The transmission of the magnetized wakefields (the dashed and solid black curves represent the longitudinal and transverse fields, respectively) through the plasma-vacuum boundary for aL=0.5 (left column) and aL=2.0 (right column). The red curve represents the initial density profile. The density n has been multiplied by an additional factor of 10 2 for aL=0.5, and 10 3 for aL=2.0. In case (a) there is a sharp boundary at x = 450λ0. In cases (b) and (c) the plasma density declines linearly from n = n0 at x = 450λ0 to n = 0 at x = 550λ0 and x = 650λ0, respectively (color online) E x . In contrast, the transverse field E y can transmit through the boundary as a THz radiation source. The transmission loss of E y is due to the evanescent layer in the region ω h (x) < ω p < ω R (x), where [19] . The transmission loss definitely increases when the length of the inhomogeneous-density region increases, as shown in Fig. 5 . These results are similar to those in Ref. [15] and have been discussed in detail. Note that the electromagnetic wave exhibits an obvious variation in its waveform, which may be derived from the higher harmonic components. Because 2ω p > ω R (x) in the inhomogeneous region, the harmonic waves are not influenced by the evanescent layer and become ultimately protrudent in the vacuum with the decrease in the fundamental wave. Fig. 6 shows the spectra of the transverse wave in homogeneous plasmas (dashed curves) and the vacuum region (solid curves) for a L =2.0, corresponding to Fig. 5(b) . One can easily note that the ω p component in the vacuum region is reduced significantly compared with that in the plasma region, with a transmission rate of 14.1%, while the 2ω p component hardly decreases. As a result, the second harmonic component becomes comparable with the fundamental one, which confirms the above conjecture. Fig.6 The spectra of the transverse field in the homogeneous plasma region (dashed curve) and outside the plasma in vacuum (solid curve) for aL=2.0. These are obtained from Fig. 5(b) 
Conclusions
In conclusion we presented a theoretical model for the wakefield driven by a short laser pulse in underdense plasmas with the presence of a strong DC magnetic field in the transverse direction. Owing to this magnetic field, a transverse component associated with the wakefield appears, while the longitudinal component remains almost unchanged. The transverse field follows a simple scaling law of the form of e y = −bβ g ∂e x /∂ξ. Note that Ref. [15] has previously pointed out that the amplitude ratio of the transverse and longitudinal components is given by ε y /ε x = b, where b = ω c /ω p is determined merely by the strength of the external magnetic field and the plasma density. However, in this paper we find that this result only applies to the weakly relativistic regime. With the increase in wakefield amplitude, the transverse component will get a higher proportion as:
1/2 . These results are well confirmed by PIC simulation.
Numerical simulations are also used to treat the transmission of the wakefield through the plasma boundary. It is found that the transverse component can transmit into the vacuum. Moreover, the generation of the higher harmonic components leads to a variation of waveform when the wave passes through the boundary, resulting from the fact that the higher harmonic components have less energy loss and become gradually protrudent in the vacuum. Such a wakefield emission can serve as a powerful THz source. It may also provide a new diagnostic method for the wakefield structure, such as the amplitude, the frequency and so on.
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